A hierarchy of dynamic plate equations based on the three dimensional piezoelectric theory is derived for a fully anisotropic piezoelectric rectangular plate. Using power series expansions results in sets of equations that may be truncated to arbitrary order, where each order set is hyperbolic, variationally consistent and asymptotically correct (to all studied orders). Numerical examples for eigenfrequencies and plots on mode shapes, electric potential and stress distributions curves are presented for orthotropic plate structures. The results illustrate that the present approach renders benchmark solutions provided higher order truncations are used, and act as engineering plate equations using low order truncation.
Introduction
Piezoelectric materials have been used widely in applications for sensing and actuation purposes in recent years. As piezoelectric sensors and actuators usually are thin in comparison to relevant wavelengths, the analyzes of thin piezoelectric layers, such as beams, plates and shells, have attained considerable research interest. Many references to work on higher-order piezoelectric plate theories prior to 2000 are given in the review article by Wang and Yang [1] . Further references to laminated piezoelectric plates are presented in [2] while [3] presents a classification and comparison among higher-order piezoelectric plate models based on power series expansions. A more recent review article on three dimensional approaches for piezoelectric plates is presented by Wu et al. [4] .
Plate theories for various material configurations were developed in the 50's by Mindlin, among which piezoelectric plates were addressed in [5] . This work was later generalized by Tiersten and Mindlin [6] and Mindlin [7] where two-dimensional equations for a piezoelectric plate were systematically derived using power series expansions for the mechanical and electric displacements. Bugdayci and Bogy [8] and Lee et al. [9, 10] used trigonometric series expansions for piezoelectric plates, which provides an alternative approach for analyzing plate vibrations more suitable for highfrequency modes. More recently developed plate theories using various sorts of series expansions of the displacements and the electric potential for both single and laminated piezoelectric plates can be found in [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . These expansions are either using a few power series terms, or written on a general higher order fashion that may be used to render solutions that converge to the three dimensional solutions. Exact three dimensional analyses for single and laminated piezoelectric plates having mixed (simply supported) boundary conditions are treated in [25] [26] [27] [28] . Numerical methods such as finite element analysis (FEA) has been adopted on both classical and higher order series expansion theories [29] [30] [31] [32] [33] [34] .
Recently Mauritsson et al. [35] have derived plate equations for a homogenous fully anisotropic elastic plate, using a systematic power series expansion approach, previously adopted for isotropic rods, beams, shells and plates [36] [37] [38] [39] [40] . The same general approach has been applied to various piezoelectric layer configurations [41] [42] [43] . In the present paper the work in [35] is extended to cover anisotropic piezoelectric plates. The method aims at systematically develop a hierarchy of equations for general piezoelectric plates using power series expansions in the thickness coordinate of the displacement components and the electric potential. Insertion of these expansions into the three dimensional equations of motion leads to recursion relations among the expansion functions, which can be used to eliminate all but some of the lowest order expansion functions. Hereby all fields can be expressed in a finite number of expansions functions without performing any truncations. The power series expansions are subsequently inserted into the three dimensional boundary conditions at the upper and the lower surfaces of the plate. These boundary conditions represent a set of eight scalar equations of motion, including eight unknown http://dx.doi.org/10.1016/j.compstruc.2015.02.023 0045-7949/Ó 2015 Elsevier Ltd. All rights reserved. expansion functions, which constitute the system of plate equations. Using variational calculus, the pertinent edge boundary conditions for rectangular plates are obtained in an equally systematic manner. This hierarchy of piezoelectric plate equations can be truncated to any order in the thickness where each studied truncation order is asymptotically correct in line with [35, 37, 38, 44] .
The present approach generally differs in several respects from the cited works using power series expansion on piezoelectric plates. The main issues concern the derivation of exact recursion relations where only the lowest order expansion terms need to be considered. Another object is the procedure when collecting terms for the truncation process, resulting in variationally consistent equation systems that are asymptotically correct. It should also be noticed that the present equations are not confined to the static case. Moreover, the plate configuration may be of arbitrary anisotropy without any symmetry classes. One advantage with such a general analysis is that all other cases can be obtained as special cases. The previously derived plate equations for the fully anisotropic elastic case [35] can also be obtained as a special case. As a fully anisotropic, piezoelectric material is described by 21 independent stiffness constants, 18 independent piezoelectric coupling constants and six independent dielectric constants, the explicit expressions for the coefficients in the plate equations become very complicated. For this reason the plate equations for the most general case are derived in a very compact form as four matrix equations, including matrix operators which are recursively defined using the commercial code Mathematica. 2 Hereby it is straightforward to study all types of anisotropy configurations. As the material configuration for a fully anisotropic material results in complicated expressions, it is natural to study simpler cases of orthotropic plates more in detail. Here the eight plate equations can be added and subtracted in pairs to obtain two uncoupled systems of equations, each of them including four equations and four unknowns. The two uncoupled systems correspond to the symmetric (in-plane) and antisymmetric (out-of-plane) part of the motion, respectively. These equations, including the edge boundary conditions, are explicitly given for the lower truncation orders. To validate the present plate equations results for dispersion curves, eigenfrequencies as well as potential, displacement and stress distribution curves are presented. Both single and laminated plates are studied and comparisons are made to other approximate theories as well as the exact three dimensional theory. The results illustrate both the benchmark property of the higher order truncations and the efficiency of the lower order engineering equations.
Problem formulation
Consider a homogeneous piezoelectric plate of thickness 2h according to Fig. 1 . The material is fully anisotropic with density q. The basic equations governing the motion in a piezoelectric continuum are written with abbreviated subscripts [45] as
ð2:2Þ
Here vector subscripts are expressed through lower case letters i ¼ x; y; z, while abbreviated subscripts are expressed through upper case letters I ¼ 1; 2; 3; 4; 5; 6. The mechanical stress, mechanical displacement and electric displacement column matrices are defined through
ð2:3Þ
The divergence vector r i is defined in the usual way, while the divergence stress operator r iJ is represented in matrix form
Partial derivatives are expressed as @ x ¼ @=@ x and so on. For a linear elastic, piezoelectric material the constitutive equations that express the mechanical stresses and the electric displacements in terms of the mechanical displacements and the electric potential, are
ð2:6Þ
Here the quasistatic approximation is applied, i.e. the electric field is given as the gradient of the electric potential
ð2:7Þ
The various material parameters appearing in (2.5) and (2.6) The operators with an overline (r i ; r iJ and r Ij ) are differential operators in the plate plane obtained through
ð3:8Þ
Consequently r iJ and r Ij are obtained by putting all derivatives with respect to z to zero in (2.4). The recursion relations (3.3) and (3.4) can be used repeatedly to express all expansion functions in the lowest-order ones with an upper index n ¼ 0; 1. The expansion functions can then be written as 
ð3:12Þ
Note that the recursion formulas (3.9) and (3.10) involve no approximations since they stem from the definition of the series expansions (3.1) and (3.2) and are as such exact. These may be obtained by using variational calculus as in [38] . Moreover, no truncations of the displacement terms have so far been performed, which is of crucial importance for the present method. Insertion of the power series expansions (3.1) and (3.2) into the constitutive equations for the stresses (2.5) and for the electric displacements (2.6) gives 
Plate equations
This section aims at deriving the dynamical plate equations through the surface boundary conditions at z ¼ AEh. From now on it is understood that the power series sums are to be truncated, where the truncation level could be chosen to any order. In order to write the expressions on a compact form using abbreviated subscripts, the prescribed fields for mechanical tractions and electric surface charges are here expressed in terms of mechanical stresses and electric displacements.
At each point on the surfaces z ¼ AEh, either the mechanical stress or the mechanical displacement is to be prescribed in each coordinate direction. These given fields are denoted by fT faces, respectively, and result in one electric boundary conditions at each point on the surfaces. All in all four boundary conditions are thus to be stated at each surface point. Using (3.1), (3.2) and (3.13), (3.14) extra term is to be included in the latter sums to obtain a consistent set of plate equations. These surface boundary conditions obtained from combinations of (4.1) and (4.2) constitute the sought hyperbolic set of eight scalar equations of motion for a piezoelectric plate. By using the expansions (3.9), (3.10) and (3.17), (3.18) a hierarchy of piezoelectric plate equations are expressed in terms of the lowest order fields fu However, the resulting system of eight plate equations turns out to be of differential order 2ð4N À 1Þ in the xy coordinates due to cancelation effects. This is readily seen by eliminating all but one of the fields, say w 0 , resulting in one equation of spatial order 2ð4N À 1Þ. From this single equation, it is also seen that the number N should preferably be an odd integer. By choosing N odd, this equation includes space and time derivatives on w 0 up to differential order N þ 1 which render asymptotically correct results [35] . For N even, the equation is only asymptotically correct up to differential order N. Furthermore, to account for the bending stiffness in the plate the smallest truncation order is N ¼ 3, as this truncation yields fourth order derivatives with respect to the time and space coordinates on w 0 in the one single equation.
Comparisons to exact theory
The hierarchy of approximate plate equations may be compared analytically to the exact equations of motion by studying the corresponding frequency equations. Consider here the standard case of an infinite plate where the surface boundaries are stress free with zero potential. For the present approximate theory, separate frequency equations for antisymmetric and symmetric motions are obtained as polynomial expressions in terms of the wave numbers and the frequency. These results are to be compared to the exact antisymmetric and symmetric transcendental frequency equations, where the expressions in terms of wave numbers and frequency are expanded in Maclaurin series. Although comparisons could be performed to any order, only the case with truncation order N ¼ 5 has been studied due to the complicated expressions. Hereby, each polynomial term up to and including order N ¼ 5 in the approximate theories (antisymmetric and symmetric) is identical to the corresponding term in the Maclaurin series using exact theory. This illustrates that the present approach is asymptotically correct for these low order terms, and thus probably also to arbitrary order. Similar results are reported for longitudinal displacements in rods [37] , beams [38] and for flexural elastic plates [40, 44] when using a series expansion approach. Hence, the subsequent plate equations presented in Section 6 are thus asymptotically correct to order N ¼ 3 (antisymmetric) and N ¼ 1 (symmetric), respectively.
Edge boundary conditions
This section aims at developing the 4N À 1 boundary conditions on each edge for a rectangular plate. This is performed in a systematic manner based on variational calculus.
Consider a rectangular plate where Àa 6 x 6 a and Àb 6 y 6 b. As for the surfaces z ¼ AEh, either the mechanical stress or the mechanical displacement is to be prescribed in each coordinate direction over the entire thickness interval Àh 6 z 6 h. At x ¼ AEa these fields are denoted fT The edge boundary conditions may be obtained by adopting a generalized Hamilton's principle where mechanical stresses and mechanical displacements as well as the electric displacements and electric potentials are varied simultaneously and independently. Following the results from variational calculus presented in [37, 38] , the edge boundary conditions are obtained in a systematic manner. Since all boundary fields hereby are derived in the same manner, the procedure is here presented for a given normal stress at x ¼ a. Assuming a prescribed stress T þa xx ðy; z; tÞ, the variationally consistent boundary condition is expressed as [35] Z h . . ., are chosen in a manner to obtain the correct distribution of boundary conditions between the symmetric and antisymmetric parts.
In the case of connected homogeneous rectangular plates with different properties (geometrical, material, surface boundary conditions) the 2ð4N À 1Þ coupling conditions at a common edge are deduced in a similar way as the edge boundary conditions see [35] .
Calculation of fields
From the solution of the piezoelectric plate equations of motion (4.1) and (4.2) adopting the 4N À 1 boundary conditions on each edge, the plate fields are to be calculated by truncating the power series expansions (3.1), (3.2) and (3.13), (3.14) . Since a lower truncation order is used for the edge boundary conditions than for the surface boundary conditions as described above, one has to make a choice regarding the adopted number of terms. Based on experience from [35, 37] , the same truncation procedure is used as for the governing plate Eqs. (4.1) and (4.2); N þ 2 terms for the mechanical displacements and the electric potential in (3.1) and (3.2), while N þ 1 terms are adopted for the mechanical stresses and the electric displacements (3.13) and (3.14) . Hereby the surface boundary conditions are exactly fulfilled while the edge boundary conditions are corrupted. However, close to or even at the edge boundaries, the discrepancies due to extra terms in the chosen approach are either negligible or small among the cases studied.
Orthotropic piezoelectric plate poled in the x direction
The preceding set of piezoelectric plate equations with pertinent boundary conditions are expressed in a general form that are applicable to all sorts of anisotropic configurations. By choosing the truncation order, plate equations of various differential order are obtained in a very systematic manner. However, in many applications the structure properties involve symmetry planes such as for orthotropic materials. Therefore consider the special case of a material of class 2mm poled in the x direction, i.e. the polarization axis lies in the same plane as the plate. Such a plate configuration has been studied by Tiersten [25] which calls for comparisons between theories. This turns the recursion formulas and the plate equations to a considerably more tractable form, where it is possible to study standard boundary problems separately for antisymmetric and symmetric motions. It is straightforward to truncate the equations to arbitrary order resulting in equations of high accuracy that can be used as benchmark solutions. By taking lower order truncation, engineering piezoelectric plate equations are obtained that may be compared to other approximate theories for orthotropic piezoelectric plates.
For the material configuration in question there are now 9 independent stiffness constants ½c IJ ¼ The recursion formulas (3.3) and (3.4) are explicitly written 
ð6:7Þ
The fields in (6.6) and (6.7) may be written in terms of the lowest order fields as in (3.17) and (3.18) using (6.4).
As noted before various combinations of the boundary conditions stated in (4.1) and (4.2) may be used. Consider for simplicity the case when either the mechanical stress or the mechanical displacement is prescribed on both the upper and lower surfaces for a specific direction. Similarly, assume that either the electric potential or the electric displacement is prescribed on both the upper and lower surfaces. By adding and subtracting the boundary conditions in (4.1) and (4.2), equations containing only even or odd expansions in h are obtained according to
where as before P ¼ fT xz ; T yz ; T zz ; D z g and p ¼ fu; v; w; Ug. Here bnc denotes the floor of n, i.e. the nearest lower integer to n. These equations constitute decoupled sets corresponding to symmetrical and antisymmetrical motions. The symmetric part uses the first relation in (6.8) for T zz and the second relation in (6.8) for fT xz ; T yz ; D z g, and the first relation in (6.9) for fu; v; Ug and the second relation in (6.9)
for w. Hence, all possible combinations of these symmetric parts of the boundary conditions involve only the fields fu 0 ; v 0 ; w 1 ; U 0 g. 
Antisymmetric motion N = 3
The plate equations for prescribed surface stresses are expressed in line with (6.8) using (6.6) and (6. 
In order to solve for fu 1 ; v 1 ; w 0 ; U 1 g from the set of four plate equations, (6.10)-(6.12) together with (6.13) or (6.14), the pertinent set of four boundary conditions at each edge is to be stated as described in Section 5. Consider the edge x ¼ a, the boundary conditions for prescribed displacements and potential become 
Symmetric motion N = 1
The plate equations for prescribed surface stresses become from (6.8)
For prescribed electric potential or electric displacement, these equations are 
ð6:26Þ
Note that all the results in this section are identical to the elastic orthotropic case in [35] if the electric coupling is disregarded. These plate equations may be compared to other theories such as those of Kirchhoff and Mindlin type [25] . For the Kirchhoff theory only a few terms are similar to the present theory, while the Mindlin equations (involving two different correction factors) resemble the asymptotic plate equations in many respects. The low order derivative terms are similar in most cases, while the present theory involves higher order derivative terms that are not part of the Mindlin theory. However, similar higher order derivative terms are found in higher order theories as given analytically in [12, 13, 46] , albeit the coefficients of these terms differ in most cases.
Numerical results
To investigate the accuracy of the present plate equations for both lower order engineering theories and the higher order sets, several numerical results are presented. The branches from the frequency equations (dispersion relations) for waves in an infinite plate poled in the x direction are illustrated, where distribution plots are presented for the displacements, stresses and electric potential for the lowest antisymmetric modes. Antisymmetric and symmetric eigenfrequencies are calculated for finite square simply supported plates poled in either the x or z directions. Moreover, eigenfrequencies for simply supported laminated piezoelectric plates are presented. The comparisons are made with exact three dimensional theory and other approximate theories presented in the literature.
Piezoelectric plate poled in the x direction
The piezoelectric plate is taken to be PZT-2 (Lead Zirconate Titanate) with x as the polarization axis. This is a 6mm material (a special case of 2mm) and elastically yz is a plane of isotropy. The material constants are (Auld [45] p is used to measure the frequency. Consider free waves propagating in a direction 45 to the x axis. The piezoelectric layer is taken to be short-circuited (DV ¼ 0) and the electric potential in the middle of the plate is put to zero. The wave number in the direction of propagation is k.
In Fig. 2 the three first antisymmetric dispersion curves are plotted as dimensionless frequency X versus dimensionless wave number kh. The results from the asymptotic plate Eqs. (6.10)-(6.13) for N ¼ 3 are compared with the exact theory, the Mindlin theory and the Kirchhoff theory [25] . The first curve corresponds to the first bending mode with an almost parabolic behavior at low frequencies. All three plate theories approximate this curve quite well for low wave numbers, but for higher wave numbers the Kirchhoff theory is not that accurate as expected. The Mindlin theory approximates the first mode slightly better than the asymptotic plate theory. The other two modes, not modeled by the Kirchhoff theory, correspond to coupled P/SV (pressure/transverse shear) and the SH (horizontal shear) modes [45] . The second set of curves correspond to a pseudo-SH mode where the Mindlin and the present N ¼ 3 theories give accurate approximations, although the Mindlin theory is better and predicts the cut-off frequency exactly. The third set of curves correspond to the second bending mode. Also this mode is approximated better by the Mindlin theory, at least for lower frequencies where the cut-off frequency is exactly predicted. From the dispersion curves it seems like the Mindlin theory generally gives more accurate results than the asymptotic plate theory of order N ¼ 3. However, it should be noticed that the correction factors used in the Mindlin theory are chosen to obtain accurate approximations of the dispersion curves at low frequencies. This does not necessarily mean that the displacements and stresses are accurately predicted, which will be seen below. Furthermore, the asymptotic plate theory converges very quickly towards the exact solution if terms of higher order are taken into account. By choosing N ¼ 5 in the asymptotic plate theory the approximate dispersion curves are considerably more accurate, being very close to the exact curves (not illustrated here). For N ¼ 7 the approximate dispersion curves become indistinguishable from the exact ones for the frequencies and wave numbers shown in Fig. 2 . This feature also holds for the remaining plots Figs. 3-10. Now consider a specific frequency X ¼ 0:5. According to the dispersion curves in Fig. 2 there is only one real solution to the wave number for this frequency (kh % 1:44 according to exact theory) and this solution corresponds to the first bending mode. The displacements, the electric potential and the stresses for the different theories are plotted as functions of the dimensionless thickness coordinate z=h in Figs. 3-6 . The figures show that the electric potential, the displacements and the stresses are not very well approximated by the Kirchhoff theory, except for the vertical normal stress T zz , which is quite well approximated. The Mindlin theory gives more accurate results for many of the fields, but actually poorer results for the vertical normal stress. The asymptotic plate theory renders much more accurate results for all fields, especially for the electric potential U, the vertical displacement w and the shear stresses T xz . Here, the error in sign for U using Kirchhoff and Mindlin theories is of particular interest. However, similar behavior is also reported for the asymptotic theory in the case of piezoelectric layer on an elastic plate [42] . Note that both the Kirchhoff and the Mindlin theories assume constant vertical displacements, lying on top of the horizontal axis in Fig. 4(b) . It should also be noticed that the boundary conditions for the vertical normal stress and the electric potential at the upper surface of the plate are not fulfilled by the Mindlin or the Kirchhoff theory, but are exactly fulfilled by the asymptotic plate theory. As the results for fv; T yy ; T yz g resemble fu; T xx ; T xz g the former fields are not illustrated.
Note that for the Mindlin and the Kirchhoff theory the stresses T xx ; T yy and T xy are determined from the constitutive Eq. (2.5) (the direct method), while the stresses in the vertical direction T zz ; T yz and T xz are obtained using the indirect method. This is accomplished by inserting the stresses and displacements from the direct method into the equations of motion (2.1) and integrating with respect to z. The integration constants are determined by requiring that the shear stresses, T yz and T xz , are zero at the plate surfaces (z ¼ AEh) and that the normal stress, T zz , is zero in the middle of the plate (z ¼ 0) due to antisymmetry. This indirect way of calculating the stresses, also used by Reddy [47] , gives more accurate results compared to calculating all stress components from the constitutive equations, which only yields constant or linear variations in the thickness coordinate. If the indirect method is used for the stresses using the asymptotic plate theory, the same results are obtained after truncation as with the direct method. Either the real or the imaginary part of each quantity is shown in the figures as only one of them differs from zero. Moreover, due to symmetry/ antisymmetry, only the upper half of the plate (0 6 z 6 h) is shown. The fields are normalized so that the vertical displacement in the middle of the plate equals unity, wðz ¼ 0Þ ¼ 1. The electric potential is measured with the dimensionless variable / ¼ zz =ðhe z5 ÞU and the stresses are normalized with the stiffness constant c 33 .
Consider also the frequency X ¼ 1. According to the dispersion curves, there are three real solutions to the wave number for this frequency. In addition to the first bending mode solution there is also one solution for the pseudo-SH mode (kh % 1:50) and one for the second bending mode (kh % 0:79). Some of the fields for the latter two of these modes are plotted in Figs. 7-10 , showing the electric potential, the dominating horizontal displacement, the vertical normal stress and the dominating shear stress for the two cases. The fields are normalized so that the imaginary part of the dominating horizontal displacement (u and v, respectively) equals unity at the upper surface of the plate. Also here, the asymptotic plate theory gives more accurate results than the Mindlin theory, which is not accurate at all for the electric potential or any of the stresses shown in the figures. However, it should be mentioned that the way of normalizing may affect the impression of how well different fields are approximated by different theories. In addition, if the truncation order is increased a few levels, the asymptotic plate theory curves become indistinguishable from the exact ones for all the displayed plots. In order to further illustrate the present theory, the eigenfrequencies for simply supported quadratic plates are calculated. For exact and series expansion theories, this corresponds to mixed boundary conditions at the edges where normal stresses as well as vertical and tangential displacements are zero. Due to the polarization in the x direction, the electric field is such that the normal electric field displacement is zero at x ¼ AEa while the potential is zero at y ¼ AEb. The Tables 1-4 illustrate the three lowest eigenfrequencies X i for short-circuited antisymmetric and symmetric motions, respectively. Here three different plate thicknesses a=h are studied for two different mode cases, where m and n refer to the mode numbers in the x and y directions, respectively.
Consider first the antisymmetric cases presented in Tables 1  and 2 . It is clear that the series expansion results converge to the exact results as the power series orders are increased. The convergence is quite rapid considering the thick plates studied. The accuracies are higher for lower frequencies as expected, while the plate thickness itself does not much influence the rate of convergence. The Kirchhoff theory models the first eigenfrequency, where the accuracy highly depends on the plate thickness. The Mindlin theory is astonishingly accurate, at least for the lower frequencies. As noted before for the dispersion curves, the Mindlin theory involves the shear correction factors that are chosen so as to give good correlations in the low frequency interval. When compared to the N ¼ 3 theory, the Mindlin results are generally superior for the case m ¼ 1 and n ¼ 1; especially at lower frequencies. For m ¼ 1 and n ¼ 2 the accuracy pattern is less apparent among the two theories.
The symmetric cases are given in Tables 3 and 4 . As for the antisymmetric cases, the series expansion results converge quite rapidly to the exact results as the power series orders are increased. The N ¼ 1 results are of the same accuracy order as Mindlin's, albeit the latter are marginally better in most cases.
Piezoelectric plate poled in the z direction
Consider next a PZT-4 plate poled in the z direction. The material constants are [27 is only approximately fulfilled using these material constants. Adopting the general anisotropic plate equations derived in Section 4, sets of antisymmetric and symmetric plate equations are obtained in a straightforward manner. These plate equations are different to the ones poled in the x direction presented in Section 6, although both poled directions involve terms of the same differential orders. Note that the plate equations poled in the z direction are also asymptotically correct to the studied order N ¼ 5.
Consider simply supported quadratic plates, where the elastic boundary conditions are as in Section 7.1 while the potential is zero at all edges. Tables 5-8 illustrate the three lowest eigenfrequenciesx i ¼ x i =100 when m ¼ n ¼ 1 for both antisymmetric and symmetric motions, using three different plate thicknesses a=h. Adopting this frequency normalization, the plate geometry is to be stated which here is set to 2h ¼ 0:01. Comparisons are made to Benjeddou and Deü [48] and Robaldo et al. [20] for some cases studied therein. The theory in [48] is based on Mindlin assumptions without shear correction factors and thus should preferably be compared to the present theory of order N ¼ 3 in the antisymmetric case and N ¼ 1 in the symmetric case. The plate theory in [20] considers a series expansion theory of exponential order 4 solved using FEM, and thus may well be compared to the present theory for N ¼ 4. The presented lists of eigenfrequencies involve quite a few significant digits considering the approximate nature of the given material and physical constants. The reason for this Table 1 The antisymmetric eigenfrequencies for zero surface potential when m ¼ 1 and n ¼ 1 using exact, Kirchhoff (K), Mindlin (M) and the series expansion theories of orders N ¼ 3; 5; 7; 9. Table 2 The antisymmetric eigenfrequencies for zero surface potential when m ¼ 1 and n ¼ 2 using exact, Kirchhoff (K), Mindlin (M) and the series expansion theories of orders N ¼ 3; 5; 7; 9. Table 3 The symmetric eigenfrequencies for zero surface potential when m ¼ 1 and n ¼ 1 using exact, Mindlin (M) and the series expansion theories of orders N ¼ 1; 3; 5; 7; 9. Table 4 The symmetric eigenfrequencies for zero surface potential when m ¼ 1 and n ¼ 2 using exact, Mindlin (M) and the series expansion theories of orders N ¼ 1; 3; 5; 7; 9. is to make comparisons more transparent since such lists are presented in [20, 48] . Tables 5 and 6 illustrate the three lowest eigenfrequencies for short-circuited antisymmetric and symmetric motions, respectively. The accuracies using the present series method are of the same order as for the plates poled in the x direction presented in Section 7.1. The series results converge to the exact results in all cases studied, where a few more terms are needed for the higher frequencies (up to N ¼ 13). As for the other theories, the Benjeddou and Deü theory is slightly more accurate for the eigenfrequencies than the present theory for N ¼ 3 (antisymmetric) and N ¼ 1 (symmetric), respectively. By increasing the series order one step to N ¼ 5 (antisymmetric) and N ¼ 3 (symmetric), the present results are improved considerably. As for the results due to Table 5 The antisymmetric eigenfrequencies for zero surface potential using exact, Benjeddou and Deü (BD), Robaldo et al. (RCB) and the series expansion theories of orders N ¼ 3; 5; 7; 9. Table 6 The symmetric eigenfrequencies for zero surface potential using exact, Benjeddou and Deü (BD), Robaldo et al. (RCB) and the series expansion theories of orders N ¼ 1; 3; 5; 7; 9. Table 7 The antisymmetric eigenfrequencies for zero normal surface electric displacement using exact, Benjeddou and Deü (BD) and the series expansion theories of orders N ¼ 3; 5; 7; 9. Table 8 The symmetric eigenfrequencies for zero normal surface electric displacement using exact, Benjeddou and Deü (BD) and the series expansion theories of orders N ¼ 1; 3; 5; 7; 9. Tables 7 and 8 . The results show a similar pattern as for the short-circuited case. It should be noted that the calculated exact eigenfrequencies presented in Tables 5-8 are identical to the results due to Heyliger and Saravanos [27] .
Piezoelectric laminate
In order to further illustrate the present expansion method, eigenfrequencies for laminated piezoelectric plates are calculated. There are much work on various laminated plate structures with piezoelectric layers bonded to the plate faces [19] [20] [21] 24, 27, 32, 33, 46, 48] . Among these, Heyliger and Saravanos [27] present exact 3D results for three and five layered simply supported plates. Here three-layer piezoelectric plates are considered, where comparisons are made to the exact theory [27] and the approximate Mindlin theory due to Benjeddou and Deü [48] . Consider a plate with total thickness 2h that consists of a PZT-4 core of thickness h (material constants as in Section 7.2) surrounded symmetrically by orthotropic PVDF layers with material constants [27 The derivation process for the present series expansion techniques follows from Mauritsson et al. [42] applied to plates with piezoelectric core material. By splitting the solution process in symmetric and antisymmetric parts, eigenfrequencies are obtained for different truncation orders. The procedure is more involved than for a single plate layer, as separate series expansion systems are introduced for the layers. The coupling conditions at the layer interfaces are modeled at each point, and the free surface conditions are fulfilled at z ¼ AEh just as for the single plate layer.
The four lowest eigenfrequenciesx i ¼ x i =100 when m ¼ n ¼ 1 and 2h ¼ 0:01 are presented in Tables 9 and 10 for short-circuited and open-circuited laminated plates, respectively. Both cases show similar results regarding eigenfrequencies and accuracies for the different approximative theories. In each case, the first and fourth eigenfrequencies correspond to antisymmetric motion while the middle frequencies are for symmetric motion. The series expansion approximations show similar behavior as for the single layer cases in Tables 5-8 , albeit the rates of convergence are slightly lower in the laminated cases. This effect is most notable for the first symmetric modex 2 for the thicker plate. Hence, the results indicate that the present method converges to the exact results for all the cases studied, although higher order truncations N > 9 have not been studied. Similar to the single plate layer, the results due to the Benjeddou and Deü theory are slightly more accurate for antisymmetric motion when compared to the present theory of order N ¼ 3. The opposite holds for symmetric motions.
Concluding remarks
Plate equations and corresponding edge boundary conditions for a fully anisotropic piezoelectric rectangular plate are derived to arbitrary order using a systematic power series expansion approach. The plate equations are given on a compact form using recursively defined matrix differential operators, where the set of equations are variationally consistent and asymptotically correct to all studied orders. These equations are simplified for an orthotropic 2mm material poled in an in-plane direction, where the plate equations and edge boundary conditions are given explicitly. Numerical comparisons for dispersion curves and the cross sectional fields (potential, displacements, stresses) are made between the asymptotic plate theory, the Kirchhoff theory, the Mindlin theory and exact theory. Eigenfrequencies are presented for simply supported plates poled either in the plate plane or normal to the plate plane. Both single and laminated plates are studied for different plate thicknesses using various plate theories. The results illustrate the accuracies using different series truncations for the various eigenmodes where the rate of convergence is high in most cases, including the more complicated laminated plate structures. Table 9 Eigenfrequencies for laminated plate with zero normal surface potential using exact, Benjeddou and Deü (BD) and the series expansion theories of orders N ¼ 3; 5; 7; 9. The derived system of plate equations may either be used to low truncation order as engineering plate equations, or to higher order acting as three dimensional benchmark results. A possible application for the former case is to develop piezoelectric plate element for finite element codes. Hereby one benefits from the accurate results using one of the present lower order theories, and at the same time the number of elements can be heavily reduced compared to using three dimensional elements. As for the latter case using higher order truncations, this calls for an alternative way of obtaining solutions to the three dimensional equations [49] . This is especially of interest for more complicated anisotropic configurations.
Future work is to develop higher order theories for more complicated material configurations, such as involving functionally graded, porous or micro materials. For such configurations, several different plate theories have appeared, and the present systematic approach would render equations that are variationally consistent and directly based on the three dimensional theories. Related work based on power series expansion and recursion relations have previously been carried out on isotropic materials such as porous [50] and functionally graded [49] plates, and is currently directed towards micro plates. Another area of interest is to further study laminates involving multiple elastic plates embedded in piezoelectric layers [33] . This may be accomplished by adopting the present piezoelectric plate equations and the corresponding equations for anisotropic plates [35] , using generalizations of the methodology presented in [42, 43] .
